
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The volumetrically averaged dose gradient at the target 
volume’s boundary and within the target volume  
 

ABSTRACT 
ICRU Report 91 recommends two dose gradient 
metrics for reporting in stereotactic radiotherapy. All 
of the common gradient indices are one-dimensional 
although clinical dose gradient problems are at least 
two-dimensional. Moreover, a loss of accuracy is 
inherent in two-dimensional dose gradient measures 
like the superficially averaged dose gradient (SADG) 
due to the linearization in the third dimension. To 
close this information gap, the author developed a 
three-dimensional dose gradient measure called 
the volumetrically averaged dose gradient (VADG). 
The correlations between eleven one-dimensional 
and three two-dimensional dose gradient measures 
on the VADG were investigated for the linac-based 
stereotactic radiosurgery of 13 brain metastases. 
Dose gradient distributions were illustrated by 
vector fields, dose gradient-frequency histograms, 
and dose-dependent dose gradient functions. From 
all of the one-dimensional dose gradient indices, 
the approximated SADG* showed the strongest 
correlation on the VADG. The relative errors were 
in a range of -18.9 to 3.2% and Pearson’s correlation 
coefficients were r ≥ 0.997. The SADG showed 
the strongest correlation on the VADG of all of the 
two-dimensional dose gradient measures with 
the relative errors in a range of -14.8 to -9.6% and 
r ≥ 0.999. Three-dimensional dose gradient measures 
like the VADG best describe dose gradient 
distributions for lesions that are located in non-
homogeneous normal tissue. The quality of each 
dose gradient measure concerning the description 
 

of anisotropic dose gradient distributions is now 
verifiable. The algorithm for determining the VADG 
should be implemented in treatment planning and 
patient plan verification systems to utilize the 
formalism for all users. 
 
KEYWORDS: anisotropic dose gradient distribution, 
multi-dimensional dose gradient measure, superficially 
averaged dose gradient, superficially averaged radius 
difference, volumetrically averaged dose gradient. 
 
1. INTRODUCTION 
Quality criteria in radiotherapy to specify the dose 
distribution within the target volume and at its 
boundary are the dose homogeneity, dose conformity, 
and irradiated volume. ICRU Report 62 and ICRU 
Report 83 recommend reporting the values of 
these parameters [1, 2]. Particularly in stereotactic 
radiotherapy and radiosurgery, clinical complications 
primarily occur due to the dose fall-off in a region 
between the surfaces of the prescribed isodose and 
another isodose defining the irradiated volume with 
an organ-specific tolerance dose level. Consequently, 
good dose conformity and steep dose gradients are 
necessary and sufficient conditions for sparing doses 
in healthy tissue. 
The dose fall-off at the target volume’s boundary can 
be characterized by different dose gradient measures 
or indices. ICRU Report 91 recommends reporting 
one of two simple dose gradient indices [3]: the 
dose gradient index (GI) of Paddick et al. [4] or 
the volume of normal tissue irradiated with at 
least the dose D, VD, for instance, D = 12 Gy for 
brain tissue [5, 6]. The aim is to better associate the 
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treatment complications with the values of dose 
gradient indices via rigorous and uniform reporting 
of these parameters [3]. 
Since 2000, several dose gradient indices have been 
defined that are all one-dimensional and based on  
• single volumes of the irradiated tissue [5, 6], 
• volume ratios of the isodoses of interest [4, 7, 8], 
• ratios of real and ideal volumes of the irradiated 

tissue [9], 
• radius differences between the isodoses of 

interest [10-12], 
• dose difference quotients [13], or 
• combinations of a dose gradient index with 

different indices, for example, for dose conformity 
[14, 15].  

The definitions and explanations of the 
aforementioned dose gradient indices were concisely 
presented in [16]. Additionally, the shortcomings 
of the one-dimensional dose gradient indices in [4-
12, 14, 15] were specified and discussed in [16]. 
Furthermore, ICRU Report 91 and other publications 
stated additional deficiencies of selected dose 
gradient indices [4-8, 15]: 
• The reporting of the GI per target volume is 

not realistic for treatment plans containing 
multiple targets with one common surface of 
the distal isodose of interest [3]. In addition, 
the GI yields false superior values in cases of 
prescribed isodoses that exaggerate the target 
volume’s coverage [8]. 

• The metric VD  is not suited for comparing 
quality between treatment plans for varying target 
volume sizes treated with different doses [3]. 
Moreover, V12 Gy(Brain) underestimates physical 
dose gradients [16]. 

• The GI, the dose gradient (DG), and the modified 
dose gradient index (mGI) overvalue physical 
dose gradients [16]. 

• Indifferent values of these dose gradient indices 
can occur even though the physical dose 
gradient considerably varies [16]. 

• The values of the volume ratio (VR) are 
dependent on the prescription isodose [4]. 

All deficiencies taken together entail that the 
aforementioned aim of ICRU Report 91 is 
unattainable. In particular, the use of the GI, DG, 
and mGI regularly vexes medical physicists and 
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radiation oncologists whenever multiple targets of 
different sizes must be irradiated: Why is the dose 
gradient of the larger target volume better than 
that of the smaller one, and vice versa? 
In 2019, the first two-dimensional dose gradient 
measures were published to get rid of all of the 
aforementioned intrinsic shortcomings of one-
dimensional dose gradient indices. They are called 
the superficially averaged dose gradient (SADG) 
and the superficially averaged radius difference 
( )DrΔΔ  between the isodoses of interest. Its 

definitions are summarized in Appendices A.1 
and A.2. Both quantities are globally defined for 
the nonspecific normal tissue as well as locally for 
all of the organs at risk. A mathematical approach 
has been developed for treatment plans with multiple 
targets if one isodose of interest encompasses more 
than one target volume [16]. The two-dimensional 
dose gradient measures linearize the dose gradients 
in the radial direction, which results in a loss of 
accuracy – one intrinsic shortcoming of this class 
of dose gradient measures. 
All of the gradient measures aid assessing treatment 
plans concerning clinical suitability and predicting 
the degree of severity of radiogenic side effects in 
critical structures. In this context, an adequate quality 
of the description of anisotropic dose gradient 
problems is one necessary condition for the suitability 
of a dose gradient measure for predicting normal 
tissue complication probabilities. 
To obtain clear and exact predications about highly 
anisotropic dose gradient distributions and local 
dose gradients, a new three-dimensional dose gradient 
measure without any accuracy loss is defined herein: 
the volumetrically averaged dose gradient (VADG).  
The present article will assess the one- and two-
dimensional dose gradient measures that optimally 
quantify the mean value of the physical dose 
gradients. All of the dose gradient measures were 
applied in one linac-based irradiation series for 
the stereotactic radiosurgery of 13 globular brain 
metastases. The VADG was globally calculated 
for the nonspecific normal tissue. The possible 
correlations between the VADG and the other dose 
gradient measures were investigated. Graphical results 
of three-dimensional dose gradient distributions 
are also presented. 
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• The dose gradients are two-dimensional in φ 
and ϑ and will be linearized along r by the 
difference quotients. This is the rationale for 
the already published dose gradient measure 
called SADG [16]. 

• The dose gradients are three-dimensional in all 
spherical coordinates and will be described by 
the vector field of dose gradients. This is the 
rationale for the new dose gradient measure 
VADG (see Subsection 2.2.1). 

The system of Cartesian coordinates KC = {O, x, 
y, z} can also be used to describe multi-dimensional 
dose gradient problems. The anatomical directions 
will be right to left (x), anterior to posterior (y), 
and inferior to superior (z) in the patient position 
head first, supine if DICOM coordinates are used. 

2.2.1. Volumetrically averaged dose gradient 
The following formulation is based on the discrete 
dose matrix D=D (x, y, z) ∈ . It is a scalar field 
in the coordinate system KC. The related vector 
field of dose gradients ∇·D(x, y, z) ∈ 3 can be 
transformed into the scalar field of dose gradient 
magnitudes ||∇·D(x, y, z)|| ∈   by performing the 
Euclidean norm. 
In general, the resultant dose gradient vectors do 
not appear in the radial direction. Before the 
definition of the three-dimensional dose gradient 
measure, the radial projection 
 
 
 

The integral mean value of the scalar dose gradient 
function ||∇·D(x, y, z)||proj for the nonspecific 
normal tissue between the isodose levels D1 and 
D2 is the result of applying the generalised first 
mean value theorem for integration to volume 
integrals: 
 
 

2. MATERIALS AND METHODS 

2.1. Definitions of common dose gradient indices 
The new three-dimensional dose gradient measure 
VADG yields reference values to investigate the 
quality of all of the common one- and two-
dimensional dose gradient measures. For a better 
traceability of the findings, the definitions of the 
common one-dimensional dose gradient indices 
are summarized in Appendix A.1 of [16]. For the 
definitions of the two-dimensional dose gradient 
measures, see Appendices A.1 and A.2 below.  

2.2. Formulations of anisotropic dose gradient 
problems 
The spatial distribution of the dose gradients at 
the boundary of a target volume is written in 
spherical coordinates because the dose gradients 
in the radial direction are of interest. For explanation, 
the radial dose gradient vectors are approximately 
perpendicular to the surfaces of the treated and 
irradiated volumes and enable the description of 
the spatial dose gradient distributions. The system 
of spherical coordinates KS = {O, r, φ, ϑ} is defined 
by the origin O in the geometrical mass centre of the 
target volume and the three curvilinear coordinates: 
radius r, azimuth φ, and polar distance angle ϑ. 
From a mathematical perspective, two different 
anisotropic formulations with spherical coordinates 
are conceivable: 
 
 
 
 
must be performed. φ and ϑ are the azimuths and 
polar distance angles of the radius vectors r = (x, 
y, z)T written in spherical coordinates. Furthermore, 
φ∇ and ϑ∇ are the azimuths and polar distance angles 
of the local dose gradients ∇·D(x, y, z) transformed 
into the spherical coordinate system KS. 
 
 
 
 

        
 (1) 

                 
(2) 

where 

                                (3) 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

of the three-dimensional dose gradient measure 
can be investigated by comparisons between the 
VADGproj and VADGmin.  
The calculation of the organ-specific dose gradient 
measure  requires two substitutes in 
Eq. (2): the integration interval and the volume in the 
left multiplication factor. The integration interval 
and volume for an arbitrary organ at risk OARi  are 
 
 
 
 
 
curve characteristic of this function enables qualitative 
statements about the dose conformity at the target 
volume’s boundary. For better understanding, the 
steeper the dose gradient curve at the target volume’s 
boundary, the more closely the target volume is 
encompassed by the isodoses at high dose levels. 

2.2.4. Algorithms for calculating VADG 

The algorithms for determining the VADG were 
implemented using MATLAB® R2007a (The 
MathWorks, Inc., Natick, MA, USA). The required 
geometrical and dosimetric input data for the 
solution of the dose gradient problems came from 
the utilized treatment planning system. The structure 
files RS.*.dcm and dose files RD.*.dcm in the 
DICOM data format were used to calculate the 
VADG. The pixel size was  px = py ≡ 0.78 mm in 
computed axial tomography slices 1 mm thick. 
The unit cell of the dose grid had side lengths of 
a = b ≡ 0.98 mm  and c = 1.00 mm in the DICOM 
coordinate directions x, y, and z. 
The algorithm applied for numerical gradient 
calculation utilizes central (two-sided) differences 
for interior data points and single-sided differences 
along the edges of the dose matrix. The step sizes 
along the positive coordinate axes were constant 
and identical to the spacing between the data 
points. The use of central differences obviates the 
need for additional smoothing. 
A mathematical approach will be used for treatment 
plans with multiple targets to obtain individual 
values of the VADG if one isodose of interest 
encompasses several target volumes. For details, 
see Subsection 2.2.4 of [16]. 

is the volume range of integration. The negative sign 
in Eq. (2) indicates the dose fall-off beginning at 
the boundary of the target volume towards the 
normal tissue. 
The   calculated with the minimal – 
steepest – dose gradients is determined according 
to Eq. (2) with the integrand ||∇·D(x, y, z)||. The 
impact of the dose gradient direction on the values 
 
 
 
 

and must be applied with the volume integral of 
the function in Eq. (1). t is a positive real number, 
and 

iOARV is the volume of OARi. 

2.2.2. Statistics and histograms of dose gradient 
distributions 
The mean value of the VADG is not the sole result 
because all of the local function values of the 
integrands 

 (5)

in Eq. (1), which quantify dose gradient distributions, 
are known during the integration process. Additionally, 
the values of further statistical measures of location 
and dispersion are available: median, modal value, 
range, standard deviation, and percentiles. 
The differential and cumulative dose gradient-
frequency histograms, where the frequency is a 
function of the dose gradient, are defined for a 
compact visual presentation of the statistical results 
for the nonspecific normal tissue and organs at risk. 
The values of two different absolute or relative 
quantities can be applied along the ordinate: 
frequency or volume. 

2.2.3. Dose-dependent dose gradient measure 
The algorithm for calculating the VADG was 
expanded to obtain the dose-dependent dose gradient 
measure VADG(D) that is analogous to the dose 
gradient curve of Sung et al. [12]. As a result, the 
VADG is a function of the absorbed dose D and 
can be plotted for the evaluation of dose gradient 
distributions as a dose-dose gradient function. 
It can be demonstrated by means of mathematical 
considerations and the following results that the
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volumes were segmented in the left temporo-parietal 
hemisphere on the cranial computer tomographs 
of one patient without lesions. The distance of the 
geometrical centre of mass of all of the target volumes 
to the skin was 35 mm. An additional isotropic 
margin of 0.5 mm was chosen between the 
planning target volume and the irradiation field 
aperture. The linear accelerator for the dose 
delivery as well as the irradiation parameters are 
specified in [16]. 
 
3. RESULTS 

3.1. Best one- and two-dimensional dose 
gradient measures 
One question to be answered is which approximated 
dose gradient measures describe best almost 
isotropic three-dimensional dose gradient problems. 
Table 1 summarizes the ranges, medians, mean 
values, and standard deviations of the volumes of 
interest, median dose values within the planning 
target volume, prescribed isodoses, sample sizes 
on which the calculations of the anisotropic dose 
gradient measures were based, and errors in the 
approximated dose gradient measures relative to 
the . The values of all of the dose 
gradient measures are shown in Fig. 1. 
The errors in the one-dimensional SADG* relative 
to the solution of the three-dimensional dose 
gradient problem according to Eq. (2) showed a 
range of 22.1% (median of -4.6%). A comparison 
of the errors in the two-dimensional dose gradient 
measures revealed the worst range of 22.3% 
(median of -7.4%) in the SADG and the best range 
of 5.2% (median of -10.8%) in the SADGRD. The 
errors in the three-dimensional VADGmin also 
showed a range of 5.2% (median of -3.9%). 
The errors in the SADGRD relative to the VADGproj 
occurred due to the linearization, whereas the 
reduction factor of the median sample size was 
1 128/6 143 = 1/5.4 (see Table 1). The ranges of 
the errors and reduction factors for the six brain 
metastases treated by the circular cones were -14.8 
to -10.3% (median of -11.2%) and 1/7.5 to 1/5.1 
(median of 1/6.5), respectively. The corresponding 
values for the eight lesions treated by the multi-leaf 
collimator were -11.5 to -9.6% (median of -10.7%) 
and 1/5.5 to 1/4.7 (median of 1/5.1), respectively. 
 

2.3. Relative errors in dose gradient measures 
To quantify the deviations between the approximated 
dose gradient measures X and the three-dimensional 
Z = VADGproj, the definition 

                                         
(6)

 
of the relative error was used. Z is the value of the 
more exact quantity and X is the value of the 
approximation. The denominator in Eq. (6) is the 
absolute value of Z and is called the reference value. 
The errors in the two-dimensional dose gradient 
measures occur due to the linearization in radial 
direction.  

2.4. Statistics 
Pearson’s correlation coefficient r was used to 
quantify the strength of a correlation. The probabilities 
p of zero correlation were calculated using a one-
sided association test based on Student’s t test with 
n −2 degrees of freedom, where n is the sample 
size. A significance level of α = 0.05 was used and 
all confidence levels were 1 − α = 0.95  95%. 
The quality of estimating a correlation by a 
regression function was evaluated using the 
coefficient of determination r2 [17]. 

2.5. Treatment and calculation parameters 
The possible correlations of the examined dose 
gradient measures on the VADG were investigated 
for the virtual irradiations of 13 spherical brain 
metastases treated with one single-dose fraction 
and marginal dose values in a range of 18 to 25 
Gy. All of the dose prescriptions strictly comply 
with the recommendations of the DEGRO Working 
Group on Stereotactic Radiotherapy [18]. The 
planning target volume diameters were systematically 
varied in a range of 3 to 29 mm to achieve steadily 
decreasing nearly isotropic dose gradients on this 
variable. For comparability, the same levels of the 
isodoses of interest were used for the calculation 
of all of the dose gradient measures: 80% and 
40% of the individual maximum dose. 
Linac-based stereotactic radiosurgery of 13 brain 
metastases with a median planning target volume 
size of 1.60 cm3 was planned using the treatment 
planning system iPlan® RT Dose 4.5.5 (Brainlab 
AG, Munich, Germany). All of the planning target 
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The correlations and regression lines of 15 dose 
gradient measures and the values of Pearson’s 
correlation coefficient r are presented in Fig. 1 
and Table 2. The regression lines on the left side 
in the subplots of Fig. 1 appertain to the smaller 
planning target volumes with diameters between 3 
and 14 mm treated with circular cones; the larger 
diameters between 14 and 29 mm with the 
regression lines on the right side were treated with 
the multi-leaf collimator. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3.2. Correlation analyses between dose 
gradient measures 
The   was picked out of the set of 
16 different dose gradient measures to be the 
reference variable for the correlation analyses 
between the dose gradient measures. The objective 
of these analyses is to find the dose gradient 
measures with the strongest and weakest correlations 
on the mean value of the physical dose gradients. 

Table 1. Sizes of the target volumes, median dose values, prescribed isodose levels, volumes of the isodoses 
of interest, sample sizes, and relative errors in the approximated dose gradient measures for the stereotactic 
radiosurgery of 13 brain metastases treated with one single-dose fraction. dPTV diameter of the planning target 
volume; VPTV size of the planning target volume; D50% median dose within the planning target volume; DPI(PTV) 
level of the prescribed isodose at the planning target volume’s boundary; V(D1) volume within the isodose at 
level D1 ≡DPI(PTV)= 80% relative to the maximum dose; V(D2)  volume within the isodose at level D2 = 40%  
relative to the maximum dose; n(Y) sample sizes of Y∈ {SADG, SADGRD, VADGmin, VADGproj}; SADG, 
SADGRD superficially averaged dose gradients; VADGmin, VADGproj minimal and radially projected 
volumetrically averaged dose gradients; NT nonspecific normal tissue; ε(Z) errors in Z ∈ {SADG*, DrΔΔ , 
SADG, SADGRD, VADGmin} relative to VADGproj  according to Eq. (6); SADG* spatially averaged dose 
gradient; DrΔΔ  superficially averaged radius difference. aAn isotropic safety margin of 1 mm was chosen 
between the gross tumour volume and planning target volume. bValid for VADGmin and VADGproj . 

Quantity [Unit] Minimum Maximum Median Mean value Standard deviation 

dPTV [mm]a 3.0 29.0 14.5 15.4 8.0 

VPTV [cm3]  0.01 12.77 1.60 3.37 3.98 

D50% [Gy]  20.9 29.1 23.6 24.1 2.6 

DPI(PTV) [Gy]  18.0 25.0 20.0 20.6 2.2 

V(D1) [cm3] 0.01 12.92 1.64 3.41 4.05 

V(D2) [cm3] 0.08 31.65 5.24 8.87 9.94 

 
201 7 318 2 147 2 511 2 460 

 
20 7 196 1 128 1 979 2 265 

 
143 34 058 6 143 9 811 10 622 

 
–18.9 3.2 –4.6 –6.8 7.7 

 
–17.2 1.5 –6.9 –7.2 6.3 

 
–20.8 1.5 –7.4 –8.2 7.4 

 
–14.8 –9.6 –10.8 –11.1 1.3 

 
–6.6 –1.4 –3.9 –3.5 1.8 
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From all of the two-dimensional dose gradient 
measures, the  showed the strongest 
correlations on the reference variable with 
r ≥ 0.999 and p ≤ 2.1 · 10-6. The  
and  had also strong correlations 
with the : r ≥ 0.994 and p ≤ 2.0 · 
10-5 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In the group of the one-dimensional dose gradient 
measures, the  showed the strongest 
correlations on the  for both 
collimation types with r ≥ 0.997 and p ≤ 1.4 · 10-5. 
The weakest correlations with the   
had V12 Gy(NT), GI, mGI, and  DGI with 
⎪r⎪∈[0.906, 0.978] and p∈[2.5 · 10-5, 5.7 · 10-3]. 

 

 

 

 

 
 

 

 

 

 

 
 

 
 Fig. 1. Correlations and regression lines y = a · x + b of 15 different dose gradient measures on 

80%
40%( )projx VADG NT= for the stereotactic radiosurgery of 13 brain metastases treated with one single-dose fraction. 

For abbreviations of the dose gradient measures, see the following references: CGIg [14]; V12 Gy(Brain) [5, 6]; 
DGI [10]; GI [4]; DG [15]; mGI [8]; ∆R1/2 [11]; DGI(D2) [12]; ∆r∆D [13]; , see Eq. (A.4); 
[13]; , see Eq. (A.1); , see Appendix A.1;  minimal volumetrically 
averaged dose gradient for the normal tissue NT between the isodoses of interest at the levels D1 = 80% and 
D2 = 40%  relative to the maximum dose within the planning target volume, see Subsection 2.2.1; 

 radially projected volumetrically averaged dose gradient according to Eq. (2). 
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ordinate, r ≤ -0.906 in Table 2 indicates the false 
positive trends. 

3.3. Graphical representations of dose gradients 
In this section, three different visualizations of the 
dose gradients in space will be presented for one 
brain metastasis with the planning target volume 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The trends in 15 dose gradient measures on an 
increasing value of the reference variable were 
also examined. The dose gradient indices GI, DG, 
mGI, and DGI showed false positive trends on the 

 as shown in Fig. 1 and Table 2. 
Although Fig. 1 shows constant regression lines 
for the DGI because of the large scale of the 
 

Table 2. Correlation parameters of 15 different dose gradient measures on the  for the 
stereotactic radiosurgery of 13 brain metastases treated with one single-dose fraction. r Pearson’s correlation 
coefficient; p probability of zero correlation;  increasing dose gradient magnitude; D1 = 80% 
isodose of interest at the upper level; D2 = 40%  isodose of interest at the lower level;  increasing dose 
gradient measure;  decreasing dose gradient measure; VPTV size of the planning target volume. For 
abbreviations of the dose gradient measures, see the following references: CGIg [14]; V12 Gy(Brain)   [5, 6]; 
GI [4]; DG [15]; mGI [8]; DGI [10]; ∆R1/2 [11]; DGI(D2) [12]; ∆r∆D [13];  [13]; , see Eq. 
(A.4); , see Eq. (A.1); , see Appendix A.1;  minimal volumetrically 
averaged dose gradient, see Subsection 2.2.1. aOr the equivalent trend on VPTV  because the course of  

 on VPTV is strictly monotonically increasing. bFalse trend compared to the intention of the 
dose gradient metric’s authors. 

Collimation type Circular cones Multi-leaf collimator Both 

Dose gradient measure r [1] p [1] r [1] p [1] Trend on a 

CGIg -0.995 3.4 · 10-5 -0.992 1.4 · 10-6  

V12 Gy(Brain)GTV    0.938 5.7 · 10-3 0.976 3.4 · 10-5  

V12 Gy(Brain)PTV   0.940 5.4 · 10-3 0.978 2.5 · 10-5  

GI -0.942 5.0 · 10-3 -0.942 4.6 · 10-4 b 

DG 0.997 1.7 · 10-5 0.954 2.4 · 10-4 b 

mGI -0.944 4.7 · 10-3 -0.915 1.4 · 10-3 b 

DGI -0.947 4.2 · 10-3 -0.906 1.9 · 10-3 b 

∆R1/2 0.995 3.4 · 10-5 0.992 1.4 · 10-6  

DGI(D2) 0.996 2.5 · 10-5 0.991 2.0 · 10-6  

∆r∆D 0.995 3.7 · 10-5 0.992 1.3 · 10-6  

 0.997 1.4 · 10-5 0.998 9.5 · 10-9  

 0.996 2.0 · 10-5 0.994 5.1 · 10-7  

 0.996 1.9 · 10-5 0.999 6.6 · 10-9  

 0.999 2.1 · 10-6 1.000 6.3 · 10-11  

 1.000 6.6 · 10-9 1.000 8.7 · 10-11  
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to Eq. (1) with two measures of the location and 
two of the shape: median, modal value, skewness, 
and kurtosis. 
The median of -7.2%/mm is the abscissa value of 
the geometrical centre of mass of the frequency 
distribution. The median values for all of the eight 
brain metastases treated by the multi-leaf 
collimator were in a range of -11.8 to -7.2%/mm 
(median of -9.7%/mm). The range and median of 
the median values for all of the six lesions treated 
by the circular cones were -29.9 to -15.2%/mm 
and -21.7%/mm, respectively. 
The modal value and the abscissa value of the 
absolute maximum of the distribution were equal 
to -9.1%/mm. All of the eight modal values for 
the brain metastases treated by the multi-leaf 
collimator were in a range of -12.8 to -8.2%/mm 
(median of -9.1%/mm). The corresponding values 
for the six lesions treated by the circular cones 
were -29.3 to -18.9%/mm and -22.7%/mm, 
respectively. 
The negative skewness g1 = -0.193 suggested that 
the frequency distribution in Fig. 3 is left-skewed. 
The range of the eight values of g1 for the lesions 
treated by the multi-leaf collimator was -0.193 to 
0.060 (median of -0.023). The corresponding 
values for the six lesions treated by the circular 
cones were 0.027 to 1.130 and 0.505, 
respectively. All of the frequency distributions of 
the dose gradients generated through the circular 
cones were right-skewed – contrary to the dose 
gradient distributions generated through the multi-
leaf collimator. 
Furthermore, the distribution in Fig. 3 was with 
the negative kurtosis g2 = -0.504 broader and 
more platykurtotic than the Gaussian bell curve of 
the normal distribution. The eight values of g2 for 
the brain metastases treated by the multi-leaf 
collimator were in a range of -0.669 to -0.066 
(median of -0.510). The corresponding values for 
the six lesions treated by the circular cones were 
-0.812 to 3.075 and 0.358, respectively. All of the 
frequency distributions of the dose gradients 
generated through the multi-leaf collimator were 
platykurtotic – contrary to the some leptokurtotic 
dose gradient distributions generated through the 
circular cones.  

diameter 29 mm and irradiated by means of the 
multi-leaf collimator: the transversal vector field 
of the dose gradients, the dose gradient-frequency 
histogram, and the dose-dependent dose gradient 
function. 

3.3.1. Vector fields of dose gradients 
Fig. 2 represents one two-dimensional distribution 
of the dose gradients in the isocentric axial plane 
with isodose lines in 2 Gy steps in a range of 8 to 
22 Gy. The black arrows represent the dose 
gradient vectors ∇·D(x, y, z = 0 mm) and point in 
the direction of decreasing dose. The distances 
between all pairs of isodose lines and the vector 
lengths are functions on the circumferential angle. 
This verifies the anisotropy of the dose gradient 
problem although the magenta circular disc 
represents a globular planning target volume. 
The non-zero vector lengths within the isodose 
line at level 18 Gy in Fig. 2 indicate the dose 
inhomogeneity within the planning target volume. 
The range and median of the dose gradient 
magnitudes within the planning target volume 
were calculated: -3.8 to 3.5 Gy/mm and 0.0 
Gy/mm, respectively. The signed dose gradient 
magnitudes in space for all of the eight brain 
metastases treated by the multi-leaf collimator 
were in a range of -5.0 to 5.1 Gy/mm (median 
range of -4.2 to 4.4 Gy/mm). The corresponding 
values of the homogeneity index HI according to 
ICRU Report 83 [2] were in a range of 0.19 to 
0.21 (median of 0.20). Otherwise, the dose 
gradient magnitudes for all of the six lesions 
treated by the circular cones were in a range of 
-9.5 to 10.1 Gy/mm (median range of -8.0 to 7.3 
Gy/mm). The corresponding values of the HI  
were in a range of 0.17 to 0.27 (median of 0.22). 
Therefore, the narrower the range of the dose 
gradient magnitudes within the planning target 
volume, the better is the dose homogeneity. 
In addition to the type of vector field shown in 
Fig. 2, the VADG algorithm can calculate and 
display coronal, sagittal, and three-dimensional 
vector fields of the dose gradients. 

3.3.2. Dose gradient-frequency histogram 
Fig. 3 represents one differential dose gradient-
frequency histogram of the negative magnitude of 
the dose gradient  according 
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Fig. 2. Isocentric axial section through the vector field of dose gradients with isodose lines for the stereotactic 
radiosurgery of one brain metastasis with 29 mm planning target volume diameter and irradiated through the multi-
leaf collimator. The black arrows are the dose gradient vectors; the magenta circular disc represents the cross 
sectional area of the planning target volume; eight different isodose lines at the levels (8 : 2 : 22) Gy; {ISO, x, y, z} 
DICOM coordinate system, see Subsection 2.2; ISO isocentre. 

Fig. 3. Differential dose gradient-frequency histogram for the nonspecific normal tissue with the statistical values 
median and modal value of the dose gradients and the measures of the shape skewness and kurtosis for the 
stereotactic radiosurgery of the lesion shown in Fig. 2.   negative magnitude of a dose 

gradient towards the nonspecific normal tissue; class width of 0.15%/mm; NT nonspecific normal tissue; n 
frequency; for the definitions of skewness and kurtosis, see [17]. 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

dose gradients and has the unit Gy/mm or %/mm. 
Moreover, it is perfectly flexible in defining the 
levels of the isodoses of interest, shows true trends 
on a varying mean value of the dose gradients, is 
applicable to treatment plans with multiple targets, 
and is independent of the size and form of the 
target volume. There are no restrictions regarding 
comparisons between different patients, irradiation 
series, treatment techniques, and treatment modalities 
concerning the dose gradients. Nevertheless, the 
computational expense is huge. 
 
4. DISCUSSION 

4.1. Quality of approximated dose gradient 
measures 
From all of the one-dimensional dose gradient 
measures, the approximated was superior 
to the common dose gradient indices with regard 
to both the maximal errors relative to  

 and the strongest correlations on 
. In this respect, the SADGRD is the 

best two-dimensional dose gradient measure to 
describe three-dimensional dose gradient distributions.
The regression lines in Fig. 1 to describe 
the trends in V12 Gy(NT), GI, and mGI on the 

 are merely rough approximations. 
Hence, the qualitative and quantitative 
comparability of mean values of the physical dose 
gradients by means of these one-dimensional dose 
gradient indices is limited. A reduced 
comparability of irradiation series in terms of dose 
gradients is the clinical consequence from that. 
The gaps between the regression lines in the 
subplots of Fig. 1 between -15 and -12%/mm and 
at dPTV = 14 mm were caused by the change in the 
collimation type. The physical penumbra of the 
15 mm circular cone is smaller than that of the 
also utilized irradiation field aperture of the same 
size and formed by the multi-leaf collimator 
because of different transmissions and geometries 
due to the finite isocentric leaf width of 2.5 mm. 
The errors in the VADGmin relative to the 
VADGproj result from differences in the directions 
of the dose gradient vectors: The VADGmin 
includes the magnitudes of the steepest dose 
gradients, and the calculation of the VADGproj  
takes into account the radial projections of the 
 

3.3.3. Dose-dependent dose gradient function 
Fig. 4 shows one curve characteristic of the dose-
dose gradient function that was calculated using 
the VADG formalism according to Subsections 
2.2.3 and 2.2.4. The regression curve represents 
the characteristics of the VADG on the absorbed 
dose D outside the planning target volume with 
29 mm diameter. The coefficients of the sixth 
degree polynomial were 6 5 1

6 2.2 10a Gy mm− − −= − ⋅ ⋅ , 
4 4 1

5 1.3 10a Gy mm− − −= ⋅ ⋅ , 3 3 1
4 2.9 10a Gy mm− − −= − ⋅ ⋅ , 

2 2 1
3 3.0 10a Gy mm− − −= ⋅ ⋅ , 1 1

2 1.6 10 ( )a Gy mm− −= − ⋅ ⋅ , 
1 1

1 2.6 10a mm− −= ⋅ , and 1
0 1.7 10 /a Gy mm−= − ⋅ . 

The maximal steepness of the curve VADGmin(D) 
at the target volume’s boundary is a measure for 
the local dose conformity. The maximum slope at 
the prescribed dose DPI = 18 Gy was 0.3 mm-1 as 
shown in Fig. 4. The range and median of this 
quantity for all of the eight brain metastases 
treated by the multi-leaf collimator were 0.3 to 
0.7 mm-1 and 0.5 mm-1, respectively. The 
corresponding values of Paddick’s conformity 
index PCIPI [19] at the prescribed isodose level 
were in a range of 0.70 to 0.92 (median of 0.85). 
Otherwise, the maximum slopes for all of the six 
lesions treated by the circular cones were in a 
range of 0.8 to 1.3 mm-1 (median of 1.1 mm-1). 
The corresponding values of the PCIPI  were in a 
range of 0.66 to 0.98 (median of 0.92). Therefore, 
the steeper the curve VADGmin(D) at the dose level 
DPI, the better is the dose conformity to the 
planning target volume. 

3.4. Computation time 
The computation time tCPU for the calculation of 
the VADG was in a range of 57 s to 25 min 39 s 
on a personal computer with a single-core 
processor speed of 2 GHz and random access 
memory of 1 918 Mbytes. tCPU was dependent on 
the sample size n(∇·D) of the included dose 
gradients that was in a wide range of 143 to 
34 058. An adequate corresponding regression 
function with r2 = 1.000 is a third degree polynomial 
with the coefficients a3 = 1.2 · 10-12 min, a2 = -2.8 · 10-8 
min, a1 = 3.0 · 10-4 min, and a0 = -4.9 · 10-2 min. 

3.5. Classification of VADG 
The new VADG is an explicit three-dimensional 
dose gradient measure that directly quantifies 
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dose matrix. The error ranges in the SADGRD as 
well as the median reduction factors of the sample 
sizes in the last paragraph of Subsection 3.1 had 
different values for the collimation types circular 
cones and multi-leaf collimator: 4.5% versus 
1.9% and 1/6.5 versus 1/5.1, respectively. Thus, 
the smaller the sample size of a dose gradient 
problem, the greater the loss of accuracy due to 
the linearization. 
Another impact on the loss of accuracy due to the 
linearization is the dose difference between the 
isodoses of interest. The linearization errors will 
increase with a growing dose difference because 
the uniformity of the dose gradients is best within 
the photon beam penumbra defined between the 
isodose levels 20% and 80% relative to the central 
axis intensity and will be violated more and more 
at lower and higher dose levels. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

dose gradients. They were small because the dose 
gradient distributions at the boundary of the 
spherical planning target volumes were nearly 
isotropic. The advantages and disadvantages of 
both three-dimensional dose gradient measures 
will be discussed in a forthcoming article that 
addresses descriptions of more anisotropic dose 
gradient distributions at the boundary of 
irregularly formed target volumes.  

4.2. Loss of accuracy due to linearization 
The loss of accuracy due to the linearization of the 
dose gradients by the difference quotients was 
demonstrated in the values of the errors in the 
SADGRD relative to the VADGproj as shown in 
Table 1. The SADGRD is a two-dimensional dose 
gradient measure, and the VADGproj is three-
dimensional; but both are determined using the 
 
 

Fig. 4. Dose gradient function at the target volume’s boundary on the absorbed dose for the stereotactic 
radiosurgery of the lesion shown in Fig. 2. minimal volumetrically averaged dose 
gradient according to Subsection 2.2.1; NT nonspecific normal tissue; D(PTV) ≤ 21 Gy  absorbed dose at 
target volume’s boundary; D∈[1, 21] Gy upper level of an isodose surface for calculating the dose 
gradients; ∆D = 1 Gy dose increment for calculating the dose gradients;   mean value of 
the residuals; n = 21 number of sampling points; r2 coefficient of determination, see [17]. 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.3. Need for anisotropic dose gradient 
measures and information content of histograms 
The generation of locally steep dose gradients 
towards the organs at risk with photon beams and 
the use of asymmetric field alignments result in 
isodose surfaces that are more irregular than the 
planning target volume. Even the isodoses around 
the spherical target volumes were not exactly 
globular after the optimisation of the beam 
geometry. The frequency distributions of the dose 
gradients in wide value ranges were irregularly 
formed (see Fig. 3). Consequently, all of the 
clinical dose gradient problems are anisotropic. 
The physical reason: Centrally symmetric dose 
distributions with isotropic dose gradients are 
impossible in teletherapy of lesions in humans. 
The frequency distribution of the three-dimensional 
dose gradients shown in Fig. 3 is more irregular 
than the solid angle distribution of the two-
dimensional dose difference quotients that are 
included in the SADG; see also Fig. 4b in [16]. 
The VADG provides more information on anisotropic 
dose gradient distributions than the SADG because it 
is the solely three-dimensional dose gradient measure. 
The four histogram parameters median, modal 
value, skewness, and kurtosis are helpful for 
evaluating the global dose gradient conditions. 
The smaller the median and modal value of the 
dose gradients, the better the restriction of the 
absorbed dose to the nonspecific normal tissue 
and the organs at risk. An increasing skewness has 
the same effects when the frequency distribution 
on the dose gradient becomes more right-skewed. 
The higher the value of the kurtosis, the more 
homogeneous is the dose gradient distribution at 
the target volume’s boundary. Conversely, the 
smaller the kurtosis, the better the dose fall-off 
towards one or more organs at risk. 

4.4. Requirements of dose gradient measures 
The features of a good dose gradient measure are 
specified in [16]. In this context, the definition of 
the VADG according to Eq. (2) is universal such 
that the lower isodose levels can be adapted to the 
tolerance dose values of the involved tissue types. 
Additionally, the VADG fulfils all of the 
requirements specified in [16] except for the 
simplicity of definition and rapid calculation 
results. High computational expense is one drop 
 

of bitterness with respect to the determination of 
all of the multi-dimensional dose gradient measures. 
The additional computation time taking the third 
dimension into account is enormous for large dose 
gradient problems: > 25 min (see Subsection 3.4) 
versus < 1 min for calculating the SADG [16]. 
The analyses of clinically validated correlations 
between complication rates and the values of the 
multi-dimensional dose gradient measures have to 
be conducted for various tumour entities. The 
SADG and VADG have through the exact 
description of dose gradient distributions the best 
prerequisites to pass these clinical tests. The 
author will present strong correlations between 
global and local values of both dose gradient 
measures on dosimetric quantities in healthy 
tissue in a forthcoming article. 
If the algorithm for the calculation of the VADG 
was implemented in all of the existing treatment 
planning systems, the utilization of this dose 
gradient measure would be easy for all users. The 
maximal computation time given in Subsection 
3.4 can drastically be reduced by use of a 
workstation of the latest generation. The additional 
computational expense is acceptable compared to 
the time required for three-dimensional dose 
calculations using advanced algorithms based on 
the Monte Carlo method and the explicit solution 
of the linearized Boltzmann transport equation. 

4.5. Outlook and vision 
Application possibilities of the VADG are or could be: 
• With the inclusion of dose conformity and 

homogeneity in the VADG formalism noted in 
Subsections 3.3.1 and 3.3.3, dose distributions 
in the region of the target volume can be 
optimised with respect to these quality criteria. 

• Reassurance of dose distributions with optimal 
dose fall-off towards the organs at risk based 
on a comparison with the physically 
achievable dose gradients dependent on the 
treatment parameters that influence the total 
penumbra. For a better understanding, 
irradiation machines do not deliver organ dose 
values but dose profiles with well-known dose 
gradients at the field limits. 

• Implementation of the VADG algorithm in 
existing treatment planning systems to solve 
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(A.1)

  anisotropic dose gradient problems with large 
and irregularly formed target volumes – not 
only with stereotactic targets. 

• The VADG algorithm should be implemented 
in existing patient plan verification systems to 
support the gamma index analysis by the 
comparison of the calculated with measured 
dose gradients in high dose gradient regions. 

 
5. CONCLUSION 
The VADG is a new explicit and three-
dimensional description of anisotropic dose 
gradient distributions. Except little computational 
expense and proven clinical validity, it possesses 
all of the features of good dose gradient measures 
as listed in Subsection 4.4. The values of the dose 
gradients for each lesion varied within wide 
ranges in the irradiation series for 13 spherical 
brain metastases. This circumstance and the loss 
of accuracy due to the linearization in the SADG 
reinforced the need for three-dimensional dose 
gradient measures. The VADG is a logical 
advancement of the SADG. The graphical 
representations of the dose gradients in the forms 
of vector fields, dose gradient-frequency 
histograms, and dose-dependent dose gradient 
functions with their descriptive parameters are 
helpful for evaluating the global and local dose 
gradient distributions. 
The algorithm for determining the VADG based 
on the vector field of the dose gradients can also 
take into account the dose homogeneity and 
conformity within and at the boundary, 
respectively, of the target volume. The calculation 
of the VADG should be implemented in existing 
 
 
 
 
 
are quotients of surface integrals of the difference 
quotient ∆D/∆r  and solid angles. The underlying 
system of coordinates KS = {O, r, φ, ϑ} has been 
explained in Subsection 2.2. Eq. (A.1) is the result 
of applying the generalised first mean value 
theorem for integration to the surface integrals; 
see also [21]. 

treatment planning systems. Additionally, the 
VADG algorithm in patient plan verification 
systems could compare locally calculated and 
measured dose gradients. All of the one- and two-
dimensional dose gradient measures are now 
verifiable by means of the VADG formalism. 
Through the VADG, one is able to investigate the 
impacts of different collimators and collimation 
types on the dose fall-off at the target volume’s 
boundary. 
The results of the performed correlation analyses 
again revealed the shortcomings of the dose 
gradient indices recommended in ICRU Report 91 
that were not mentioned in [3] and the review 
article [20]. Especially the GI and other dose 
gradient indices based on volume ratios of the 
isodoses of interest should no longer be used 
because of false trends on the physical dose 
gradient and severely limited comparability of its 
values in terms of dose gradients.  
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APPENDIX 
A.1. Superficially averaged dose gradient 
The mathematical formulations of the linearized 
two-dimensional anisotropic dose gradient 
problem for the nonspecific normal tissue (NT) 
and an arbitrary organ at risk (OARi) 
 
 
 
 

 
The anisotropic radii r1 and r2 are the lengths of 
the position vectors to the surface points of the 
isodoses of interest. Their dose levels D1  and D2 
define the surfaces of the treated and irradiated 
volumes, respectively. The infinitesimal surface 
element and solid angle element of the unit sphere 
are dS = sin ϑ · dϑ · dφ = dΩ with which the 
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difference quotient must be integrated. For the 
nonspecific normal tissue, the integration range is the 
entire solid angle ΩNT = 4 · π sr with the angle 
ranges φNT = [0, 2 · π]  and ϑNT = [0, π]. For each 
 
 
 
 

The radius vectors r are written in Cartesian 
coordinates of the system KC = {O, x, y, z}, for 
example, DICOM coordinates; see also 
Subsection 2.2. t is a real positive number, and 

iOARV  is the volume of OARi . The individual 

solid angle 

                     

(A. 3)

 
follows from the application of the results of Eq. 
(A.2) to the definition of the solid angle [16]. 
All of the needed input data are content of the 
structure file RS.*.dcm from the utilized treatment 
planning system. The SADG values can also be 
calculated using the dose matrix in the dose file 
RD.*.dcm from the utilized treatment planning 
system. For distinctiveness of the basic input data, 
the quantity SADGRD receives the input file type 
as a subscript [16]. 

A.2. Superficially averaged radius difference 
The superficially averaged radius difference 

      
(A. 4)

 
is a result of applying the definition of the 
difference quotient ∆D/∆r = (D2 –D1)/ ( )2 1r r−  on 

the results of Eq. (A.1); it is itself a dose gradient 
measure [16]. 
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