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ABSTRACT

A theoretical model of lithium-ion mass transport
in a thin platelet-like active material particle of a
composite electrode of a lithium-ion cell relative
to the lithium-ion mass transport in the electrolyte
was developed to provide insight into the
performance behavior of the electrode. The developed
formulation predicts the dimensionless transient
lithium ion concentration profiles in the solid
state active material particle, electrode-electrolyte
interfacial current density, and g-moles of
intercalatable lithium per g-mole of lithium-free
electrode active material.
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material platelet-like particle, transient lithium-ion
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1. INTRODUCTION

Examples of clean energy sources are geothermal
energy, solar radiation, wind, and ocean water
waves. In addition to the cleaner energy sources,
efficient systems are needed to store electrical
energy produced from these sources in excess
of its demand. Rechargeable batteries are one
example of an efficient electrical energy storage
system. They provide portable stored chemical
energy which is converted into electrical energy
on demand with a high conversion efficiency
in the absence of environmental harmful emissions.
Among the various types of rechargeable batteries
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currently available, the lithium-ion-based batteries
possess the highest energy density and are flexible
in design. Rechargeable lithium-ion cells are one
of the major components of portable computing
and telecommunication systems [1].

Many cathode electrode materials have been
developed and tested for their application in primary
and secondary batteries; for example, LiMn,Oy,
LiCOOz, LiFePO4, LiNil/gMnl/g Co04,30,, etc. ngh
energy storage capacity materials based on
phthalocyanines, such as iron phthalocyanine (FePc)
and copper phthalocyanine (CuPc), are also currently
being tested [2] as potential cathode active
materials. Model development at the active material
particle level [3], and with scale-up to the
electrode level, is needed to help in the design and
performance prediction of new lithium-ion batteries.
It is also anticipated that fundamental modeling
will aid in the faster development of any new
types of active materials for lithium-ion batteries.

A high charge capacity lithium-ion cell cathode
electrode is, in general, composed of an electrolyte
dispersed among particles of an active solid state
material in a certain particle size range. Active
material particles are interconnected through
an electronic conductor and a binder. Ideal particle
geometrical shape for modeling purpose is rectangular
(i.e. platelet-like), cylindrical or spherical. The ideal
particle geometry-level modeling can be extended
to a non-ideal particle shape through the application
of shape factor, fyeom shap, defined as: [(outer
surface area/volume ratio of a particle of a non-
geometrical shape) divided by (outer surface
area/volume ratio of a particle of an ideal shape)].
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After this, one can also account for the particle
size distribution effect in the electrode design and
performance equation set. Although a large body
of literature [4-22] on the lithium-ion cell/battery
modeling exists, the model presented in this short
paper deals with transport of lithium ions via
diffusion in a platelet-like active material particle
which is thin and of relatively simple geometry.
This theoretical task was undertaken to gain
insight into the effect of lithium-ion diffusive
transport in the electrode active material relative
to that in the cell electrolyte on the performance
behavior of a thin lithium-ion cell electrode.

2. MODEL FORMULATION

Figure 1 shows a sketch of a very thin platelet-like
particle in contact with an electrolyte in a composite
material electrode. Here, the particle surface areas
along the edges AD and BC are assumed to be
negligibly small relative to the surface areas along
the edges AB and CD in contact with the electrolyte.

In general, lithium ions in an electrolyte can move
under the influence of spatial gradients of lithium-
ion chemical (or concentration) and electric
potentials. Similarly, transport of lithium ions in a
solid active material of an electrode can take place
under the effect of lithium-ion spatial concentration
gradient as well as electric potential gradient.
Lithium-ion transport across the interface between
the electrode active material and the electrolyte

Electrolyte Electrolyte

-

]

2L

Figure 1. A thin platelet-like particle in contact with an
electrolyte.

in contact with it takes place through the
‘electrochemical’ process of charge separation/
combination. Net transport of lithium ions in the
electrode active material can be modeled using the
effective lithium diffusivity concept accounting for
both the spatial concentration and electric potential
gradient effects on lithium ion transport. Similarly,
transport of lithium ions in the electrolyte via both
spatial concentration and electric potential gradients
can be simulated by application of effective mass
transfer coefficient. Resistance to transport of
electrons in an electronic conductor of the composite
electrode is negligibly small. Furthermore, it is
currently known that the lithium ion diffusion
is the dominant limiting mechanism for lithium ion
transport in a composite electrode active material,
e.g., LiMn,O,4, LiNiysMnys Coq30,, LiFePO,,
V,0s, FePc (iron phthalocyanine), copper
phthalocyanine (CuPc), etc., provided the ionic
conductance in the electrolyte is equal to or greater
than 1 mS cm™ [2, 3]. It is here assumed that the
lithium ion mass transfer out of/into the electrode
solid active material relative to its mass transfer
in the electrolyte is controlled by its diffusion in the
active material solid phase; the electrochemical
process of interaction between electrons and ions
being relatively much faster. Transport of lithium
ions in the solid active material, thin rectangular
particle, shown in Figure 1, is described by the
following partial differential equation (PDE) [23]:

oC 0 oC
E‘&(Deﬁ a_j (1)

D¢ is proposed to be concentration dependent [2],
and therefore, it is a function of x. In the absence
of availability of practical, experimentally based
correlation showing the dependence of Dg; on the
intercalated lithium ion concentration in the active
material at constant temperature and pressure
conditions, D is, here, assumed constant. Eq. (1)
then becomes:

oC o’C
Era (2)

In this case, the initial condition and the two boundary
conditions used to solve Eq. (2) are, respectively:

t<0, 0<x<L, C=C_,f(X) (3)
oC
t>0, x=0, &:0 (4)
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t> Ox X= L, (_Deﬁ & L \] = Retf | electro (Celectro =Lt C;ectro) = kef‘f , electro (TL - CeblectroJ (5)

Equation (5) states that the lithium-ion molar flux
to the x = L interface between the active material
and the electrolyte is equal to the molar flux
of lithium ions from the interface into the
electrolyte. In Eq. (5), a is a constant such that

C

Cl_. . .
—%;Cuz lithium ion concentration

electro |x:L*

on the active material side at the interface; Colaro =
lithium ion molar concentration in the bulk

electrolyte; and Kt eecro = effective lithium ion
mass transfer coefficient for lithium ion mass
transport in the concentration boundary layer present
around the active material particle. In Eq. (3), f(x) =
dimensionless initial lithium concentration profile
in the solid electrode active material particle;
noting that for the uniform initial concentration
profile, f (x) = 1.

By defining y as given below,

given by Eq. (3)-(5) were transformed into the
following form:

y_ o 0y
A e ¢
. — aC:Iectro
tSO, ngﬁl_, y—Cmax(f(X)—Kj (8)
oy
t>0, =0, —=0
> X x (9)
t>0, x=L, ﬂ:-ﬁy (10)
OX
where
keff,electro
#="up, (1)

The mathematical method of separation of variables
[24, 25] was used to solve Eq. (7) using the initial
and boundary conditions Eqg. (8) through (10). The

y= C- ac:lectro (6) . . h
resulting solution was transformed into the
Eq. (2) with the initial and boundary conditions  dimensionless form as given below:
1
o.| f(&)cos(s,£)dE—(ar)sin g,
Cd (é: T) _ C(é:lz-) _acsemro — 2!’1:230 n‘([ (5) ( ng) 5 ( ) " 003(5 §)e—6nzr
’ Coa ~ 5, +sin g, cosd, " (12)

where, the dimensionless time for lithium ion
diffusion in the solid electrode active material,

Dert “ | = half

r=—73 ; dimensionless distance, <=1

L

thickness of the thin platelet-like active material
particle; r = (ratio of the lithium ion concentration
in the bulk electrolyte to the maximum lithium ion
concentration in the electrode active material, e.g.,

b
electro

Cmax
parameter o,; n=1,2, ..., n, ..., oo for use in Eq. (12)

in copper phthalocyanine= ). Values of the

keff , electro

=C|:
D J ; the values

are obtained from ¢, tan¢, =(

eff

of the first six roots of this algebraic equation are
given in the reference [26]. The dimensionless

Lkeff,electro —
group, | - oD,
lithium ion flux in the electrolyte to the lithium
ion flux in a solid electrode active material particle.

J, is a measure of the ratio of the

The transient lithium concentrations at the active
material particle central plane, :=X=0, and at

==
5:%:1, on the active material particle side at the
interface between the particle and the electrode
electrolyte, are obtained by inserting & = 0 and & =1,

respectively, into Eq. (12).
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) _
o, | f(&)cos(s,£)dE —(ar)sing,
C(§ =0, T) B aCeblectro — ZnEO:O '(')- ( ) e—ts.wzf
Crax = 0, +sin g, cosa, (13)
) -
6, f(&)cos(s,£)d& —(ar)sing,
C(é = 1’ 7'-) - acgectro — Zn:Zw !J. ( ) COS(& )e*(?nzf (14)
Coax =i &, +sin &, €os &, "

was obtained and using the

X,

oc
From Eq. (12), [ g]

lithium molar flux from the solid active material

: oc
electrolyte phase, Nu+ =Der [&

. } , the
e=1=1

following expression in dimensionless form was
obtained:

(15)

particle interior to its interface with the
1
N L ,] 1(£)cos(8,£)d¢ ~(ar)sing,
DEff Cmax FDeff Cmax n=1 §n + Sln 5n Ccos §n

where i; = interfacial current density, [A cm?],
and F = Faraday constant = 96485 [C mol™].

Equation (15) shows that the lithium-ion molar
flux from the interior of the active material particle

to the electrolyte-active material interface, N
or the interfacial current density, is, decreases

as the dimensionless time, t increases with lithium
de-intercalation.

Initial amount of lithium in the electrode active
material [g-mole of Li per gm of the intercalated
lithium free active material] is given by:

active material

pactive material
X ini Mi
CLi, ini active material X ini
Ny ini = = =
pactive material
(16)

Pactive material
If Sy is the effective lithium-ion transfer electrolyte-
active material interfacial area per gm of the
intercalated lithium free active material, the molar
rate per gm of the active material, at which lithium
ions are vacating the active material channels

5, sin(s, )e

at any time [e.g., (g-moles of Li*) per (gm of active
material-time)], is given by
=N .S

Li* per gm Li

g a7)

Depletion of the lithium amount in the active material
particle in the time interval, from t to (t + dt)
is given by:

dn . =—N dt =—N, .S dt

Li Li—per gm Li%g

L2 L’
Dent ;t{D jf; therefore, dt{D df];
|_2 eff

eff

(18)

From ; =

inserting for dt into Eq. (18) leads to:

SHERN
dn .+=-( : ijdr (19)

v Deff

Inserting the expression for NLV from Eqg. (15) into
Eq. (19), integrating the resultant expression from

‘r’= 0 to ‘T’= t; correspondingly, from ‘MNyi,’=

i to *Nui= N , and simplifying leads to:
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1
|| 8. (&) cos(s,6)dé ~ (ar)sing, |
M M :Zn'w ‘([ Sm(é‘n)(l_eﬂsﬁr) (20)
SyLCax " 0, +sin g, coso, 0,
where, lithium-free active material. Equation (20) represents,
at any dimensionless time 1, the g-moles
C X Pactive material 21) of lithium per gram active material which have
max max |\ N _ left the thin platelet-like active material particle
active material

Xmax IS the maximum or theoretical g-moles
of lithium which can be intercalated in the electrode
active material per g-mole of the intercalated

5,].1[ f(&)cos(s,£)dE —(ar)sing,

divided by the maximum g-moles of lithium
which can be accommodated in the active material
per gram of active material. Equation (20) can be
expressed as

sin(d,) (l_efg\gf) (22)

nLr 1 Sg LCmaX Zn:w
nLi*, ini N ini n=1

Equation (22) expresses the fraction of stored
lithium or charge still in the electrode active
material at any time, t, when lithium is

J, +sin g, cos o,

)

n

5:[ f(&)cos(0,£)dé - (ar)sing,

de-intercalating the electrode active material.

From Eq. (15), the active material-electrolyte
interfacial current density is

S, sin(s,)e (23)

Assuming quasi-isotropic transport of lithium
in the electrode active material as well as the
isotropic charge transfer process at the electrode
active material-electrolyte interface, the electrode
current per unit mass of the active material
is given as

Is_n = 1S, (24)

1 0, +sino, cos o,

Under the ideal condition of uniform distribution
of is.m in a composite electrode, the total current
associated with lithium ions leaving the electrode
active material is given by

I =i__m i.S,m

out, electrode s—m' ' electrode — s [s}

electrode (25)

Inserting is from Eq. (23) into Eq. (25) leads to:

5, sin(s,)e (26)

[ I ] oo 5nj f(£)cos(5,8)d& —(ar)sing,
out, electrode _ 2 )

FD,C,xS,m

eff ~"max™~g" " electrode

o 0, +sing, coso,
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g-moles of lithium ions in the solid
active material per gram of it at any time

X
_ nLi* _ Mactivematerial

g-moles of lithium ions in the active
material per gram of it at the initial time

xini
n, =|———
Li", ini M
active material

and

pactive material

Cmax M active material ( X max M

active material

where X is the g-moles of lithium in the electrode
active material per g-mole of the intercalated
lithium-free active material at time t. Also, Xpax
is the maximum or theoretical g-moles of lithium

(Sg Pactive material L)( >>((rTwa.x JJ X

ni

s
1
8

5:[ f(&)cos(d,£)dE - (ar)sing,

] active material — X maxpactive material

_ _ X (27)
nLi‘,ini [ Xini j Xini
M active material
(28)
(29)

which can be intercalated in the active material of
the electrode per g-mole of the intercalated lithium-
free active material. Using the information provided in
Eq. (27), (28), and (29), Eq. (22) can be expressed as

(30)

E]
I
N

8, +sin g, €os o,

Equations (26) and (30) can be used to predict

X .
lout, electroce (€lE€Ctrode current) and( j respectively,

xini
at any time 1. For a given electrode material and
its design (controlling Pactive material» S, L, €tc.),
X can be predicted using Eq. (30) at any time, t;
and hence, at any t, provided Dgg = Deg; (X) at time
‘t” is known. If Dgy (X) is not known, measured
experimental data on loy erectroge VErsus time can be
used to develop D (X) versus t or t relation. One
should solve Eq. (26) by trial-error procedure
at each measured loy electroge CUTTENt at each t so that
D¢ at that time, t, or z when used on the right side
of Eq. (26) is very close to the left side of this
equation at that time. Also, one can calculate X
at each t using Eq. (30). Thus, one can develop
the information on D¢y vs. X at each 7 value.
Predicted values of X as a function of t or z can be

Sin(;é‘n) (l_e_gnz,)

n

used to calculate the thermodynamic properties
as a function of X or t as suggested in Ref. [3]. Also,
D¢ vs. X data can be used to develop a correlation
suggested in Eq. (6) of Ref. [2].

For the lithium ion diffusion in the solid-state
electrode active material as the dominant charge/
discharge controlling process, one can predict
i;from Eq. (23) at any time. Then, using the Butler-
Volmer-type electrokinetic equation for the charge
transfer at the active material-electrolyte interface,
one can predict the voltage loss associated with
the charge transfer process. Also, corresponding
to the loyt erectroge CUIrent predicted by Eq. (26), one
should be able to estimate the ohmic-type voltage
loss in the composite electrode if the information on
the effective ionic conductance of the electrolyte in
the composite electrode is available. Similarly, with
the knowledge of effective electronic conductance,
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ohmic voltage loss due to the electron transport
in the composite electrode can be estimated. Thus,
an estimate of the total voltage loss corresponding
to the electrode current, oy, electrodes CaN be predicted
for its eventual application in the determination
of actual cell voltage corresponding to loyt, electrode
controlled by the lithium-ion diffusion in the solid

C(¢,7)-aC!

active material of a composite electrode relative
to the lithium ion mass transfer in the electrolyte.

Under the assumption of uniform distribution
of lithium in the platelet-type active material particle,

ief(&)= f[%)zl, the above presented formulation

led to the following set of analytical formulas

d _ electro __ <[ sin 5n COS(é‘ng) -8t 31
Cln=—c "y & K 25 +sin(25,) je } (3
_ _ b n=o0o 1 2
C(€=0.7)-aChuuro _ D Sln-§n o (32)
C.oxl—ar) o| 20, +sin(20,)
C(¢é=L7)-aCl,, & osin(26,) e,
electro _ o n g% 33
Chx(L—ar) nzzll 20, +sin(20,) 33
NoLoo i L _ 4”“ % (sin(,)) } e_(snzT] (34)
DC,.1—ar) FD,C, , (1-ar) n| | 26, +sin(29,)
n.+4._n.+ n=x i 2 2
Li*, ini Li _ 4 (SIn(an)) (1_e—bnr) (35)
S,LC, 1—ar) =\ 6, (25, +sin(26,))
[ L =l | 8, (sin(s,))" |
out, electrode — 4 n ( ( n)) e—énr (36)
FDeff Cmax Sg melectrode n=1 2é‘n +SI n(25n)
e . 2
1 Xini -X =4 (Sln(é‘n)) ( _e—éfr) (37)
L Sg:oalctive material L Xmax n=1 é‘n (25n +S|n(25n))

3. RESULTS AND DISCUSSION

Some typical data are presented here for the
case of uniform initial distribution of lithium
in the platelet-like active material particle of a cell
composite electrode. The plots in Figures 2 and
3 provide insight into the transient nature
of the lithium concentration C%(&7) versus ¢& profiles
for two typical values of the dimensionless

eff ,electro

k L
group,[ aD,, =Cj. Comparison of these plots

show the faster local depletion of lithium in the

active material via the lithium de-intercalation
process at ¢ = 10.0 relative to that at ¢ = 1.0.
Furthermore, at each c¢ -value for each dimensionless
Digt , the C%(¢ = 0,7) at the particle
center is higher than CY(¢ = 1) at the particle
surface during the period of lithium de-intercalation
process.

time group, 7=

Figures 4 and 5 show plots of dimensionless
C(f =0, T) — aC;ectro
C..,0A—ar)

max

concentration, and
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c(&, )

7=0.05 4
7=10.10
7 =0.50
7=10

0.2

X % O+

¢

Figure 2. Plots of C* (5,1) versus & at ¢ = 1.0 and at various values of 7 .

13

Figure 3. Plots of C* (5,1) versus & at ¢ = 10.0 and at various values of 7 .
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O ¢=10
X ¢=10.0

09 ]

0.8 7

C(&=0,7

0.4 7

0.2 4

0.1 B

Figure 4. Transient dimensionless lithium concentration at the center of a thin platelet
particle of an electrode solid active material.

Figure 5. Transient dimensionless lithium concentration in an active material thin platelet
particle at its surface in contact with an electrolyte.
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FDCrr (1—ar)
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* c¢=50
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Figure 7. Transient dimensionless lithium amount extracted out of a thin platelet-like particle of an electrode active material.
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C(E=17)-aC’? ; i
{Helectro versus r profiles, respectively,

C,., A-ar)

at & = 0 (center of the active material particle) and
¢ = 1 (the particle surface) for ¢ = 1.0 and 10.
For each c-value, the dimensionless lithium ion
concentrations at the particle central plane and its
surface in contact with the electrolyte of a
composite electrode decrease as 7 increases during
the period of lithium de-intercalation of the active
material of an electrode. At a z value, e.g., at 7 = 1.0,
the dimensionless concentrations at the active
material particle central plane at &£ = 0 and at its
surface at £ = 1.0 decrease as the c-value increases
as expected.

Figure 6 shows the dimensionless current-density

i,L
[m} versus t profiles for ¢ =1.0 and

10.0. For each c-value, the dimensionless electrode
active material-electrolyte interfacial current
density decreases as 7 increases due to the depletion
of intercalatable lithium amount in the active
material particle. Also, these profiles show the
effect of change in c-values. For example, the
dimensionless current density at ¢ = 1.0 is less
than its value at ¢ = 10.0 for 7 values less than 0.5.
However, for t values greater than 0.75 the
dimensionless interfacial current density at c = 1.0
is greater than its value at ¢ = 10.0. This is so due
to the faster depletion of lithium amount in the
active material particle at c = 10.0 than at ¢ = 1.0
because of the relatively lower resistance to
lithium ion mass transport in the electrolyte at the
higher ¢ value, consequently, leaving the lesser
amount of lithium in the particle to provide the
interfacial current density at the higher ¢ value for
7 values greater than 0.75.

Figure 7 shows the plots of the dimensionless
amount of lithium extracted out of an active
material particle of a composite cell electrode

max

{—n“-‘”i M } as a function of z for ¢ = 1.0 and
S,LC(1-a,)

10.0 values. It is quite obvious that the lithium
amount extracted out of the active material
particle increases as 7 increases at each c value.
At each 7 value, the amount of lithium extracted
out of the particle increases as ¢ value increases
in accordance with the lithium de-intercalation

process controlled by the effective lithium ion
mass transfer in the electrolyte relative to the
effective lithium diffusion mass transfer inside the
active material particle.

Analysis provided in this article for the situation
of lithium ion diffusion in the cathode active
material (e.g., FePc, CuPc, LiMn,0,, etc.) of a
composite electrode relative to the lithium ion
mass transfer in the electrolyte, affecting the
electrode performance, leads to the following
major conclusions.

Interfacial current density, is, and consequently the
electrode current, loy electroge Vary as a function
of time during the period of lithium de-intercalation
of a composite cell electrode. Implicitly, it suggests
that the lithium de-intercalation of a composite
electrode should be carried out at is or oyt electrode
as given by Eq. (34) or (36) for a given or fixed
design of an electrode (i.e., for fixed values of L,
Sg» Melectrodes Cmax fOr an active material of an
electrode) to keep the voltage loss associated with
the charge transfer at the active material-
electrolyte interface and ohmic voltage losses
associated with the ion transport in the electrolyte
and electron transport in the electrode at the
minimum level. Operating a cell electrode at
currents greater than the values predicted
by Eq. (34) or (36) would result in the lower
electrode performance.

The information generated on X versus z from
Eg. (37) can be employed to obtain the electrode
reversible voltage as a function of ¢ from
a correlation suggested in Ref. [3]. The information
on the electrode reversible voltage versus time
is always needed to determine the actual voltage
of an operating cell of which a composite
electrode is one component.

4. CONCLUSION

A theoretical model of lithium ion mass transport
in a thin platelet-type active material particle
relative to the lithium ion mass transport in the
electrolyte was developed. This analytical model
predicts the following: 1) lithium ion concentration
profiles in the solid active material particle under
the transient conditions, which provide insight
into the nature of electrode active material lithium
de-intercalation process; 2) the interfacial current
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density, is, or total electrode current, loy electrode
as a function of time; and 3) the g-moles
intercalatable lithium per g-mole of lithium-free
electrode active material, X, as a function of time.
Finally, the developed formulation can be used
to generate the desired data on Dgy versus X.
Subsequently, such a correlation can be used
in the prediction of performance of a lithium ion

cell/battery.
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ABBREVIATIONS

C
b
Celectro
C | — C |x=L’
electro | x=* a
Cui, ini
C

max

keff,electroL =c
aD,

——— ions

molar concentration of
intercalating lithium ions in
the active material

lithium ion molar concentration
in bulk electrolyte

molar concentration of lithium
in the electrolyte at
X=L", Cprero],_ IN €quilibrium
with the molar concentration
of lithium ions in the electrode

active material = ¢|

initial molar concentration
of the intercalated lithium in
the electrode active material
[g-mol  of Li (or Li%
cm?’

lithium active material

maximum intercalated lithium
ion concentration in the
electrode active material, such
as copper phthalocyanine, and
is given by

C _ pactive material X
max max

M active material

dimensionless group; a measure
of the ratio of the lithium ion
molar flux in a composite
electrode electrolyte to the
lithium ion molar flux in a thin
platelet-like particle of a
composite electrode active
material

eff

f(x)

k

eff , electro

Melectrode

M active material

b
Celectro

r = —&&tro

C

max

ini

max

effective lithium-ion mass
diffusivity in a particle of a
composite electrode active material

the initial lithium ion dimensionless
concentration distribution function

effective lithium ion mass transfer
coefficient for lithium ion transport
through the concentration boundary
layer region in the electrolyte

half thickness of a thin, platelet-
like active material particle

mass of the active material
particles of the composite electrode
free of the intercalated lithium

molecular  weight of  the
intercalated lithium-free active
material, [gm per g-mole]

ratio of the bulk electrolyte
lithium ion concentration to the
maximum lithium ion concentration
in the active material of a composite
electrode

effective electrode active material-
electrolyte interfacial area per
unit mass of the intercalated
lithium-free  electrode  active
material

time coordinate

spatial coordinate as shown in
Figure 1

initial g-moles of lithium in the
electrode active material per g-mole
of the intercalated lithium-free
active material at 7 =0

maximum number of g-moles in
the electrode active material per
g-mole of the intercalated lithium-
free active material

constant used to relate the lithium
ion concentrations, C and

C|

electro | x=L"

x=L"
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dimensionless spatial coordinate

§=
Pctive density of active material
Dyt dimensionless time coordinate

r= L2
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